TANGENT SPACES AND T-INVARIANT CURVES OF SCHUBERT
VARIETIES

WILLIAM GRAHAM AND VICTOR KREIMAN

ABSTRACT. The set of T-invariant curves in a Schubert variety through a T-fixed
point is relatively easy to characterize in terms of its weights, but the tangent space
is more difficult. We prove that the weights of the tangent space are contained in
the rational cone generated by the weights of the T-invariant curves. In simply
laced types, this remains true if “rational” is replaced by “integral”. We also obtain
conditions under which every weight of the tangent space is the weight of a T-invariant
curve, as well as a smoothness criterion. The results rely on equivariant K-theory,
as well as the study of different notions of decomposability of roots.
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1. INTRODUCTION

Let G be a semisimple algebraic group over an algebraically closed field of charac-
teristic zero. Let B D T be a Borel subgroup and maximal torus of G, respectively,
and let P be a parabolic subroup containing B. Let X be a Schubert variety in the
generalized flag variety G/P, by which we mean the closure of an orbit of the Borel
subgroup B~ opposite to B, and let x be a T-fixed point of X. In this paper we study
two spaces: the tangent space to X at x, denoted 7, X, and the span of tangent lines
to T-invariant curves through x, denoted T'E,X. These spaces are multiplicity-free
representations of T, and so are characterized by their sets of weights, which we denote
by ®ian and @y, respectively.

In [LS84], Lakshmibai and Seshadri obtained a formula for ®,, in type A and gave
criteria based on this formula for X to be smooth at x. Lakshmibai then gave detailed
formulas for ®y,, in all classical types [Lak95], [Lak00a], and [Lak00b]. Polo gave a
representation-theoretic description of @,y in [Pol94]. See also [BLO0, Chapter 5.
In [Car94], Carrell and Peterson gave a formula for ®., and discovered a test for
determining whether X is rationally smooth at z.

The Carrell-Peterson formula for ®.,, has certain advantages: it holds in all types,
is type-independent and relatively simple, and has clear connections to combinatorics.
The purpose of this paper is to study the relationship between ®,, and Py, with an
eye toward replacing ®.,, by the computationally simpler ®.,, in certain applications.
It is known that ®cyr C Pian, with equality in type A. Our main result is the following:

Theorem 1.1. ®;,,, C Coney Pyy.

In this theorem and throughout this section A = Q; in simply laced types all results
hold for A = Z as well. By Coney ®.yr, we mean the set of all nonnegative A-linear
combinations of elements of ®.,. An alternative proof of this result for A = Q,
suggested by the referee (who attributed it to “folklore”), is given in Remark

For several special cases, Theorem[I.1]is known. These are discussed in the paragraph
following Theorem For the remaining cases, however, Theorem is new, even in
classical types (besides type A). Indeed, Lakshmibai’s formulas for the tangent spaces
are very complicated, and it is not obvious how to use them to deduce Theorem

Theorem is equivalent to the assertion that ®.,, and ®., generate the same
cone C over A. This in turn is equivalent to the assertion that ®y,, and Py have the
same A-indecomposable elements, where an element of a set is A-indecomposable if it
cannot be written as a positive A-linear combination of other elements of the set. In
the case A = Q, such indecomposable elements correspond to the edges of C'. More
precisely, each indecomposable element lies on one edge, and each edge contains one
indecomposable element.
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Under certain conditions, Theorem can be strengthened. The T-fixed point x
can be represented by a Weyl group element, which, by abuse of notation, we denote
by x as well.

Theorem 1.2. Suppose that G is simply laced and that (i) G/P is cominuscule; or
(ii) x is a cominuscule Weyl group element in the sense of Peterson; or (iii) G is of
type D and x is fully commutative. Then Pray = Peyy.

For minuscule G/P, the conclusion of Theorem follows from [Pol94l Corollary
4.3] (attributed there to [LS84]). Note that the list of minuscule and cominuscule G/P
differ only in types B,, and C,, (see [BL00, 2.11.15, 9.0.14]). By [Car97, Corollary 2],
the conclusion of the theorem also holds in type C,, when x = wy.

Part (iii) of Theorem is a generalization in type D of (ii), since cominuscule
Weyl group elements are fully commutative, but Stembridge (see [Ste(Q1]) provides an
example in type D of a fully commutative element which is not cominuscule. See
Remark [Z.5 below.

As an application of Theorem a smoothness criterion can be deduced. The
Schubert variety X is defined by a Weyl group element w such that w < x in the
Bruhat-Chevalley order. Thus, any reduced expression s for x contains a reduced
subexpression for w.

Theorem 1.3. Suppose that G is simply laced and any of the three conditions of
Theorem[1.9 are satisfied. Lets be any reduced decomposition for x:. Then X is smooth
at x if and only if s contains a unique reduced subexpression for w.

It can be deduced from [GKI5, Corollary 2.11] that this criterion for smoothness in
fact holds whenever G/P is cominuscule, even without the simply laced requirement.
Further discussion of the criterion appears in [GK24].

In [Car97], Carrell obtained results which are related to those of this paper. Let us
denote the linear span of the reduced tangent cone to X at « by TR, X. Then

TE,X C TR, X C T, X. (1.1)

Clearly, in all cases discussed above for which ®,, = Py, the three spaces of
are equal. The space TR, X, like TC, X and T, X, is a representation of T, and so is
characterized by its set of weights. In [Car97, Theorem 2|, Carrell proved that this set
of weights is contained in the set of roots in the real convex hull of &, with equality
in simply laced types.

In addition to the results by Lakshmibai-Seshadri and Carroll-Peterson discussed
above, a number of other papers have studied smoothness and rational smoothness of
Schubert varieties. These include Lakshmibai-Sandhya [LS90], Kumar [Kum96|, Bil-
ley [Bil9§], Lakshmibai-Littelmann-Magyar [LLM98]|, Brion [Bri99], Billey-Warrington
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[BW03], Boe-Graham [BGO03], Carrell-Kuttler [CK03|], Gaussent [Gau03|, and Kassel-
Lascoux-Reutenauer [KLR03]. We refer the reader to [BL00, Chapters 6 and 8] for a
detailed discussion of this topic.

Another application of Theorem appears in [GK24], which studies multiplicities
of singular points of Schubert varieties.

1.1. Outline of the proof of Theorem |1 This theorem builds on the work of
[GK22] connecting Demazure products Wlth Welghts of tangent spaces. Here, that
connection appears as Theorem [L.4) which is proved using the methods of [GK22].
The theorem of Carrell and Peterson describing @,y ([Car94]) also plays a key role.
The proof of Theorem also requires a detailed study of decomposability of roots.
An important new ingredient is the notion of iso-decomposability, which, as shown by
Theorem [4.11} appears naturally in the study of inversion sets of Weyl group elements.

In order to prove Theorem [I.1], which concerns the Schubert variety X, we first prove
an analogous but stronger result for the Kazhdan-Lusztig variety Y C X with T-fixed
point x. The reason we work with Y rather than X is that the tangent space to Y at =
lives in an ambient space with weights I(x~!), the inversion set of 27!, and algebraic
properties related to I(z~!) are essential to our proof.

Fix a reduced expression s = (s1,...,s;) for z. It is known that the roots of I(z~1)
can be enumerated explicitly by the formula v; = s1---s;-1(a;), i = 1,..., [, where «;
is the simple root corresponding to s;. Based on this same expression s, define z; and
z; to be the ordinary and Demazure products respectively of (s1,...,5;,...,5) (see
Section for the formal definition of z;). Denote the weights of the tangent space
to Y at = by q){;%l, and the weights of the tangent lines to T-invariant curves of Y
through z by ®XL.
Coney XL = Conea{v; | z; > w} (indeed, this result holds before taking cones). For

®EL we have the following result, which follows from the methods of [GK22].

tan»

It follows easily from a result of Carrell and Peterson ([Car94]) that

Theorem 1.4. ®Kl' C Coney{v; | zi > w}.

See Proposition The main result of [GK22] is that if 7; is an integrally indecom-
tan if and only if z; > w. Theorem is a
related result which applies to all elements of ®KL.

posable element of I(z7'), then ~; is in ®KL

The following equality of cones, which appears in the body of the paper as Corollary
is our main technical result.

Theorem 1.5. Coneg{v; | z; > w} = Conea{v; | x; > w}.

The proof of Theorem [I.5is taken up in Sections [3]- 5} Before discussing this proof,
we point out that Theorems H and.together clearly imply ®KL C Coney ®XL. This
statement is stronger than Theorem|[I.1} Indeed, a neighborhood of x in X is isomorphic

to the product Y by the tangent space to the B-orbit at x, which is a representation
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of T. Denoting the weights of this representation by @, we have ®,, = ®KL L &’ and
Py = ®EL 1@/, Thus @KL C Coney KL implies @, € Coneg Peyy.

The proof of Theorem entails establishing various relationships among cones,
indecomposability, 0-Hecke algebras, and Weyl groups. The inclusion Cone4{~; | z; >
w} C Conea{y; | zi > w} follows from the fact that z; < z; for all 7. In order to prove
the other inclusion, we introduce two types of indecomposable elements: increasing
A-indecomposable and iso-indecomposable. Their definitions are deferred to Section

In Sections and [ respectively, we prove:

(i) Every element of {7; | z; > w} is a positive A-linear combination of increasing
A-indecomposable elements which lie in {v; | z; > w} (Corollary .
(ii) Increasing A-indecomposable elements are iso-indecomposable (Proposition
53).
(iii) Iso-indecomposable elements ~; satisfy z; = x; (Corollary .

Together these statements imply that every element of {v; | z; > w} is a positive
A-linear combination of elements which lie in {v; | ; > w}. Thus {v; | z; > w} C
Coney{~; | z; > w}, completing the proof of Theorem

The proof of Theorem [I.I]does not rely on Sections[6]and [7] The main result of these
sections, Theorem [6.1] is that for inversion sets in classical and type G2 root systems,
the notions of rational indecomposability and iso-indecomposability are equivalent, and
in simply laced types are equivalent to integral indecomposability. This result, which
we view as of independent interest, has a number of consequences, and is used in the

proofs of Theorems and

1.2. Organization of the paper. In Section [2| we define various notions of decom-
position and indecomposability in root sets, where a root set is a generalization of the
set of positive roots of a root system. Sections [3]- [7] mainly address general root sets
and the root set I(z~!). The purpose of Sections and |5, as discussed above, is to
prove Theorem the main technical result needed for the proof of Theorem The
purpose of Sections [6] and [7] is to establish further properties of indecomposability in
I(z7') needed in later sections to prove Theorems and respectively. Specifically,
in Section @, we show that various types of indecomposability in I(x~!) are equivalent
in classical types and type Go; in Section [7] we examine conditions under which all
elements of a root set are indecomposable.

In Sections— we narrow our focus to the root sets ®¢yr, @ran C I(x~1). In Section
we review known properties of these two roots sets together with some known facts
about Schubert varieties, Kazhdan-Lusztig varieties, and T-invariant curves. In Section
[9, Theorem [I.1]is proved, and in Section [I0} Theorems [I.2) and [I.3] are proved. Finally,
Section [I1]contains examples: we apply Theorem|[I.1]to study tangent spaces of singular
three-dimensional Schubert varieties, and verify Theorem by direct calculation for
a family of examples in type D,,.
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1.3. Notation. We introduce some notation related to algebraic groups, which will
be used throughout the paper. Let G be a semisimple Lie group defined over an
algebraically closed field of characteristic 0, and let B D T denote a Borel subgroup
and maximal torus of G, respectively. If V' is a representation of 7', we write (V') for
the set of T-weights of V. If N is a unipotent subgroup of G normalized by T, then
as a T-space, N is isomorphic to its Lie algebra n, which is a representation of 7. We
write ®(N) for ®(n), and refer to this set as the weights of N.

Let ® be the set of roots of G relative to T'. Let ®T and ®~ be the sets of positive and
negative roots, chosen so that root spaces corresponding to positive roots are contained
in Lie(B). Let B~ be the opposite Borel subgroup to B.

Let W = Ng(T)/T, the Weyl group of G. We will use the same letter to denote an
element of W and a lift of this element to G. We denote by s, the reflection in W
corresponding to a € ®. Let S’ be the set of simple reflections in W relative to B. The
length of w € W is denoted by ¢(w); the longest element in W is wy.

Let P be a parabolic subgroup containing B, and let P~ be the opposite parabolic
subgroup to P. Let L = P N P~ be the Levi subgroup of P containing 7', and let
Wp = NL(T')/T, the Weyl group of L. Each coset ulWp in W/Wp contains a unique
representative of minimal length; denote the set of minimal length coset representatives
by WP C W. When P = B, we have L =T, and WF = W.

The torus acts on the generalized flag variety G/P by left translation. The T-fixed
points are the cosets wP for w € WT. The Schubert varieties we consider are closures
of B~ -orbits: X’ is the Schubert cell B~ - wP, and its closure is the Schubert variety
X", The closures of B-orbits will be referred to as opposite Schubert varieties; in
particular, X0 = B-wP denotes the opposite Schubert cell at wP, and X, its closure.
The relation between the two types of Schubert varieties is that

WoXuwyw = X and wo®(Tuwye Xuwpw) = P(Te X™). (1.2)

This relation can be used to translate results from one type of Schubert variety to the
other.

We have X* C X% if and only if > w in the Bruhat-Chevalley order (see [BLO0O,
Section 2.7]). In particular, X¢ = G/P and X" is the B~ -fixed point. The T-fixed
points of X% are the xP with x > w in the Bruhat order.

Let U, U™, and Up be the unipotent radicals of B, B™, and P~ respectively. Define
U (z) = 2U 2! and Up(x) = 2Upz~!. The subgroups U, U™, Up, U™ (z), and
Up (x) are unipotent. The weights of the first three of these under the T action are
denoted by ®*, ®~, and 7, respectively; the weights of the last two are then x®~ and
x®} respectively.
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2. INDECOMPOSABILITY IN ROOT SETS: DEFINITIONS AND BASIC PROPERTIES

As discussed briefly in Section [I} there is a connection between cones and inde-
composability. This connection is explored in Section In this section we focus on
indecomposability. We introduce various types of indecomposability and prove some of
their basic properties. In order to study indecomposability in a general framework, we
introduce the notion of a root set.

2.1. Indecomposability definitions. Let M be a lattice which is isomorphic to Z".
Let Vg be the associated real vector space M ®zR and Vj the rational subspace M ®7Q.
Recall that a subset .S of Vi is contained in an open half-space of Vi if there is a positive
definite inner product (, ) on Vg and an element § in Vg such that (J,a) > 0 for all
a € S. We define a root set to be a finite subset S of M such that .S is contained in
an open half-space of Vg and does not contain both « and ca for a scalar ¢ # 1. An
element of a root set is often referred to as a root. A weight on a root set is a map
z: S — W, where W is a partially ordered set. If W consists of a single element and
z is the constant map, then the weight is said to be trivial. A root set with a weight
is called a weighted root set. Any subset of a root set is a root set, and any subset
of a weighted root set is a weighted root set. In our applications, M will be the root
lattice of a semisimple Lie algebra over an algebraically closed field of characteristic 0,
S a set of positive roots, and W the Weyl group of the Lie algebra, equipped with the
Bruhat-Chevalley order.

Definition 2.1. Let S be a root set. Let A C R and £ C S. A linear combination
a =Y ca;, with ¢; € R>g and o, o € S, is said to be

an A-linear combination if ¢; € A for all 4,

in E or by elements of E if o; € E for all 4,

a decomposition if «; # « for all 7,

an A-decomposition if ¢; € A and «; # « for all i,

an iso-decomposition if it is a QQ-decomposition of the form a = cay + cag
with [lon || = [Jezl],

e increasing if S is weighted and z(a;) > z(«) for all .

Elements of S for which there exists no decomposition are said to be indecom-
posable. Elements o« € S for which there exists no A-decomposition (resp. iso-
decomposition, increasing A decomposition) are said to be A-indecomposable (resp.
iso-indecomposable, increasing A-indecomposable); the set of all such « is de-
noted by S4 (resp. S*, S™).

When referring to A-linear combinations, A-decompositions, or A-indecomposability,
the term rational or integral is often substituted for A when A = Q or A = Z
respectively.
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/\
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SZ

F1GURE 1. Relationships among five types of indecomposability. Ar-
rows represent inclusions.

Let S be a root set and A C R. Define
Coney S = {Zciai tc € Asp, 4 € S} C .
The set S is said to generate Coney S.

2.2. Basic properties of A-indecomposability.
Lemma 2.2. Let E and F be subsets of a root set S, and let A CR. Then

(i) FnsS4 C FA.

(ii) FNS4=FAnsA.

) If FA = EA, then FNS4 = FEnS4.

(iv) FNS4 = (FnsS4HA.

(v) If FA=F and EC F, then E4 = E.
Proof. (i) If & € F'is A-indecomposable in S, then « is A-indecomposable in the smaller
set F'.
(ii) Since FAC F, FANSAC FNSA By (i), FNS4 = (FNnSY) NS4 C FAinsA
(iii) By (i), FNS4=FANnS4=EANS4 = En sS4
(iv) Applying (i) twice, FN S4 = (FNS4) N FA C (FNS4)A. The other inclusion is
clear.
(v) By (i), E= ENF =ENFAC E4, and the other inclusion is clear. O
Definition 2.3. If S is a root set with weight z: .S — W, then we define S,>,, = {s €
S| z(s) > w}.
Lemma 2.4. Let S be a root set with weights z,x: S — W, and let A CR. Then

(i) (SM)z2w C (Sazw)?.
(ii) (SA)ZZU) = (SZZw)A N SA.
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(iii) If (Szzw)A = (Sﬂczw)A: then (SA)zzw = (SA):EZU)'
(iv) (SA)sz = ((SA)ZZw)A

Proof. Noting that S, NS4 = (S4),>4, one obtains (i) - (iv) of this lemma from (i)
- (iv) respectively of Lemma by setting £ = Sy>y and F = 5,>y,. O

Remark 2.5. In this paper, (S,>,)" is more important than (S“4),>,. The reason
is that the elements of (SZZw)A are used in decomposing elements of S,>,. To be
precise, in Section |3, we will show that an element of S.>, can be written in terms
of indecomposable elements of S,>,—that is, in terms of elements of (Szzw)A. In
Corollary we show that if S is an inversion set in a root system of classical type or
of type G, then (SA)sz = (SZZU))A

3. DECOMPOSING INTO INDECOMPOSABLES

The base A C ®T consists of the roots v € & which cannot be expressed as a
sum v = « + 3, where o, 3 € ®T. In the literature, such roots v are said to be
indecomposable. (This traditional usage differs from our definition of indecomposable
in Section ) A fundamental property of root systems is that every element of ®*
is a positive integer linear combination of roots in A. It is well-known that a similar
property holds for S4 C S, where A = Z or Q: every element of S is a positive A-linear
combination of roots in S4 (for A = Q, see Remark .

In this section we show that an analogous property holds for S™ C S, where S is
a weighted root set and A = Z or Q: every element « € S is an increasing A-linear
combination of roots a; € S™. If z(a) > w, then, since the linear combination is
increasing, z(a;) > w for all 4. This proves S.>, € Coney(S™ N S;>y), the main
result we will need from this section.

We first study increasing Z-linear combinations and then the more difficult case of
increasing Q-linear combinations. Recall that ¢ is chosen so that (J,a) > 0 for all
aes.

Proposition 3.1. Let S be a weighted root set. Then every element of S\ S™ has an
increasing Z-decomposition by elements of ST.

Proof. Let o € S\ S™. We can write o = ), ¢;a, where o; € S satisfy z(oy) > z(),
and the ¢; are nonnegative integers, at least two of which are nonzero. For all ¢ such
that ¢; # 0, (J,;) < (J,). By induction on (6,-), if a; ¢ S, then «; has an
increasing Z decomposition by elements of S™. We conclude that « has an increasing
Z-decomposition by elements of ST~ U

The inductive proof above does not extend to the case of increasing Q-decompositions.
This is because (d, ;) may not be strictly less than (9, «). Hence the inductive iteration
may not terminate, as seen in the following example.
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Ezample 3.2. Suppose ® is of type By, S = ®1 = {€1,€2,€1 — €2,€1 + €2}, and z is the
trivial weight. The element €; has a Q-decomposition

1 1
€ = 5(61 + €2) + 5(61 — €2). (3.1)

The long root €1 + €2 has a Q-decomposition as a sum of the short roots €; and eo: write
this decomposition as €1 + €2 = (e1) + (e2). But now we can decompose the summand

€1 as in (3.1]). Substituting into (3.1)), we obtain

1/1 1 1
€1 = §<§(61 +€2) + 5(61 —€)+ 62) + 5(61 —€2).

This process can be repeated indefinitely without terminating. Note that in this ex-
ample, ST = {€] — €9, €2}, and €1 = (€1 — €2) + €3 is the desired Q-decomposition of €;
by elements of SC.

Thus, a more complicated approach is required in order to extend Proposition
to increasing (Q-decompositions.

Lemma 3.3. Let aq,...,ay be distinct elements of a weighted root set S. Suppose
that a, = Y ;| cio; with ¢; nonnegative rational numbers, z(a;) > z(ou) whenever
¢ # 0, and c; > 0 for some j # k. Then there exists an increasing Q-decomposition
ap =y iy dioy (with di, =0).

Proof. We have

(1 — ck)ak = Zciai. (32)

i#k
The right side of has a positive inner product with J; hence so does the left
side. This implies that ¢, < 1. Set d; = ¢;/(1 — ¢) for i # k, and d = 0. If
d; # 0, then ¢; # 0, so z(c;) > z(ay). Hence ag, = >" | d;; is our desired increasing
Q-decomposition. O

Lemma 3.4. Let S be a weighted root set. Suppose Ey = EU{a} C S, where a ¢ E,
and suppose that o has an increasing Q-decomposition in E. Then any element of S

which has an increasing Q-decomposition in E1 has an increasing Q-decomposition in
E.

Proof. Since a has an increasing Q-decomposition in E, we see that |E| > 2. Write
E ={aq,...,an_1}, with n > 3, and let oy, = . Let 7 be an element of S with an
increasing Q-decomposition in Fy, and let

n
v = Z Ciay; (3.3)
i=1



TANGENT SPACES AND T-INVARIANT CURVES OF SCHUBERT VARIETIES 11

be such an increasing Q-decomposition. If ¢, = 0 we are done; thus assume ¢, # 0.
By hypothesis, there is an increasing Q-decomposition of «;, in E:

n—1
i=1

where we may assume that d; # 0 for some j such that a; # . Let e; = ¢; + ¢,d; for
1 < n; then e; > 0 and

n—1
v = Zeiai. (3.5)
i=1

Since ¢, # 0 and d; # 0, e; # 0. We claim that if e; > 0 then z(cy) > 2(7y). Indeed,
if e; > 0, then either ¢; > 0, in which case the claim follows since (3.3) is a increasing
Q-decomposition; or ¢,d; > 0, in which case, since both and are increasing
Q-decompositions, we have z(«;) > z(an) > z(7y). This proves the claim. If v ¢ E,
then is an increasing Q-decomposition of v in E and we are done. Therefore,
suppose v € E. We claim that if one of the «; occurring in the summation of
with e; > 0 is equal to 7, then this summation must have at least three terms with
nonzero coefficients. Indeed, suppose that a; = v and e; > 0. Then ¢; = 0 (since ~
cannot have been one of the terms with nonzero coefficient in the summation of ,
by definition of decomposition). Since is a decomposition of 7, there must be
exist at least two positive ¢; in the summation . At least one of these must satisfy
k < n, and this yields e, > 0. So there are at least two nonzero terms in the summation
, namely e;o; and egag. These cannot be the only two nonzero terms, since v = ¢;
but ay is not a multiple of «; (by the definition of root set). Therefore there must be at
least three nonzero terms in , proving the claim. Now apply Lemma to obtain
an increasing Q-decomposition of v in F. O

Lemma 3.5. If S is a nonempty weighted root set, then S is nonempty.

Proof. We prove the result by induction on |S|. If S has one element, then S = S
and the result holds. For the inductive step, suppose that S = EU{a}, where |E| > 1
and « ¢ E. Our inductive hypothesis is that E™ is nonempty. If « is increasing
Q-indecomposable in S, then S™ contains o and we are done, so assume that « is
increasing Q-decomposable in S. We will show that S™ = E'?; this suffices.

Observe that S™@ C E'™. This holds because any element of E which is increasing
Q-indecomposable in S remains increasing Q-indecomposable in the smaller set FEj
moreover, « is increasing Q-decomposable in S. For the reverse inclusion S™ D E'@
we require that if v € E does not have an increasing Q-decomposition in F, then it
does not have an increasing Q-decomposition in S. This follows from Lemma with
Ey=5. O

Lemma 3.6. Let S be a weighted root set, let E and F be disjoint subsets of S, and
let By = EULF. Suppose that any f € F has an increasing Q-decomposition in E.
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Then any ~v € S that has an increasing Q-decomposition in E1 has an increasing Q-
decomposition in E.

Proof. We may assume that F is nonempty, since otherwise the lemma is trivial.
Thus, by Lemma (E1)'™ is nonempty. Since F' does not intersect (Fp)', we
must have that £ O (E7)', and thus E is nonempty. Let E = {ay,...,a,} and
F ={op41,...,a,}, where r > 1 and n > r 4+ 1. Let C(j) be the assertion that a;
has an increasing Q-decomposition in {o,...,oj-1}. We will show that C(j) holds
forje{r+1,...,n}.

The assertion C'(n) holds by hypothesis. Suppose that » + 1 < j < n and that
C(j+1),...,C(n) hold. We show by contradiction that C(j) holds as well. Assume
that it does not. Since j > r + 1, a; has an increasing decomposition in ;. Let

m
aj = Zciai (36)

i=1
be an increasing Q-decomposition for «; in E; with m minimal. Since C(j) does not
hold, m > j + 1. Since «; has an increasing Q-decomposition in {a1,...,a;} and, by
C(m), ayy, has an increasing Q-decomposition in {a1,...,a,-1}, Lemma implies
that «; has an increasing Q-decomposition in {a,...,y,—1}. This contradicts the

minimality of m and proves C(j). By induction, C(j) holds for j € {r +1,...,n}.

We now complete the proof of the lemma. Suppose that v € S has an increasing

Q-decomposition in F1 = {ai,...,a,}. Let m be the smallest integer such that « has
an increasing Q-decomposition in {a1,...,a,}. We must show m < r. If not, then
m > r + 1, so by C(m), ay, has an increasing Q-decomposition in {aq,...,am—1}.
Lemma then implies that v has an increasing Q-decomposition in {aq,...,Qn—1}.
This contradicts the minimality of m. We conclude that m < r, as desired. OJ

Theorem 3.7. Let S be a weighted root set. Then every element of S\ S™ has an
increasing Q-decomposition by elements of ST°.

Proof. Every v € S\ S has an increasing Q-decomposition in S. Thus, by Lemma
m with £ = 5™ and F' = S\ S, every such 7 has an increasing Q decomposition in
Ste., O

Corollary 3.8. Let S be a weighted root set, and let A = Q or Z. Then S,>y, C
Cones ((S™)z>w)-

Proof. Let a € S;>y. By Theorem and Proposition « is a positive A-linear
combination of elements a; € S™ such that z(a;) > z(«). Since z(a) > w, z(a;) > w
for all ¢, and thus each a; lies in S,>,. O

Remark 3.9. The reason that we introduce inceasing linear combinations in this paper
is that they preserve S,>,, in the sense that if & = )" ¢;q; is increasing and a € S,>q,
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then «; € S,>, for all . This property is used to prove both the above corollary and
Lemma

Corollary 3.10. Let S be a root set, and let A= Q or Z. Then S C Cones(S4), and
thus Cone4(S) = Conea(S4).

Proof. Take z to be the trivial weight in Corollary O

Corollary 3.11. Let E, F be subsets of a root set S. Let A = Q or Z. Then
Coney(E) = Conen(F) if and only if EA = FA.

Proof. Assume Cone4(FE) = Conea(F). Suppose that there exists a € E4\ F4. Then

a € Cones(E) = Cones(F) = Cones(F4). Thus a = 3, cja;, where a; € F4,

and ¢; € Asg, at least two of which are nonzero (otherwise o € F4). But since

o € FA C Cones(FE), a ¢ E4, a contradiction. Thus E4 C F4, and similarly
FAC EA

Conversely, if E4 = FA| then Cone(E) = Cones(E“) = Conex(F4) = Conea(F).

U

Remark 3.12. Proofs of Corollaries [3.10] and B.11] for the case A = R can be obtained
by using the fact that if S is a root set, then Conegr S is a convex polyhedral cone,
and S® is equal to the set of elements of S which lie on the one-dimensional faces of
Conegr S (see [Ful93, Section 1.2]). One can then use the density of Q in R to obtain
alternative proofs of these two corollaries for the case A = Q.

4. ISO-INDECOMPOSABILITY IN INVERSION SETS

In this section we introduce the notion of iso-decomposability. The main results of
this section, Theorem [4.11] and its corollaries, play a major role in this paper.

4.1. Preliminaries and notation. We keep the notation of Section [1.3| For the
remainder of this paper we limit attention to root sets S C ®; our convention will be
that any statement involving A holds for A = Q, and if ® is simply laced, it holds for
A =7 as well.

Recall that W denotes the Weyl group and S’ the set of simple reflections. The
0-Hecke algebra H associated to (W, S’) over a commutative ring R is the associative
R-algebra generated by H,, u € W, and subject to the following relations: H; is the
identity element, and if u € W and s € S’, then H,Hs = Hys if ¢(us) > £(u) and
H,Hs = H,, if £(us) < £(u).

Throughout the paper, we will assume that we have chosen w < x € W and a
reduced expression s = (s1,...,5), s; € S, for . Then z;, z;, and ~; will have the
following meaning. For ¢ € {1,... 1}, define

° $i=S1"‘§i"'Sl:3w$€W‘
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e 2; € W by the equation H,, = Hy, flsl - Hy,.
e v, =s51--8i-1(a;) € D, where «; is the simple root corresponding to s;.

The equality z; = s, is well-known; it follows from the equation s, = (s1--- si—1)si(s1
It is known that the elements 71, ..., enumerate I(z71) = {a € ®F | 271(a) € &7},
the inversion set of 27! (see [Hum90, Exercise 5.6.1]).

Let w € W, w < x. For any root set S C I(z7!), define the Coxeter weight
x: S — W by z(v;) = z;, and the Demazure weight z: S — W by z(v;) = 2. Then
Se>w ={7 €5 | x; > w} and S;>, = {7 € S| z; > w} (see Definition [2.3).

The main result of Section [ is that for S = I(x~1), ~; is iso-indecomposable in
S if and only if (s1,...,8;,...,5) is reduced; in this case, z; = x;. Consequently,
(Si)zzw = (Si)mzw-

Remark 4.1. Since z; = s,,x, the Coxeter weight x : I(z7Y) — W, v = a;, is inde-
pendent of the reduced expression s for . On the other hand, the Demazure weight
z: I(z7Y) = W, 5 ~ z;, is not. (For example, let x = 010907 in type As. For
s = (01,09,01), one checks that 7o = a1 + ag and z9 = o1; for s = (09,01,02), we
again have v9 = a; +ag, but now z9 = 03.) The dependence of the Demazure weight on
s can be removed by restricting the domain to the set of iso-indecomposable elements
(since z; = x; if ~; is iso-indecomposable).

4.2. Demazure products. If q = (r1,...,7%) is any (not necessarily reduced) se-
quence of simple reflections in S, define the Demazure productﬂ 2q € W by the equa-
tion H,, = Hy, --- Hp,, and define x4 = 71 -- - 7. It is well known that if q is reduced,
then q contains a subexpression which multiplies to u if and only if zq > u (see Theo-
rem 5.10 of [Hum90]). A generalization of this result in which q is not required to be
reduced is given by [KM04, Lemma 3.4(1)]:

Lemma 4.2. q contains a subexpression which multiplies to u < zq > u.

Corollary 4.3. There exists a subexpression of q which is a reduced expression for zq.

Proof. By Lemma with u = 24, q contains a subexpression which multiplies to zq,
and hence it contains a reduced subexpression which multiplies to zq. O

Corollary 4.4. We have

(i) zq > xq, with equality if q is reduced.
(i) 2q > 2zp if P is a subexpression of q.

Proof. (i) If q is reduced, then zq = x4 by definition. The inequality is due to Lemma

with u = zg4.

IIn [KM04] and [GK22], the Demazure product zq is instead denoted by 8(q).



TANGENT SPACES AND T-INVARIANT CURVES OF SCHUBERT VARIETIES 15

(ii) By Corollary there exists a subexpression p’ of p which is a reduced expression
for zp. By (i), zpr = 2p. Since p’ is a subexpression of p, it is a subexpression of q, so
by Lemma, Zq > Tp. Hence zgq > zp, as required. O

Remark 4.5. In Corollary (i), equality can occur even if q is not reduced. For
example, if o1 and o9 denote the transpositions (1,2) and (2,3) respectively in type
Ay, then for q = (01, 01,092,01,02), 2q = Tq = 010201, although q is not reduced.

Corollary 4.6. z; > z; fori € {1,... 1}, with equality if (s1,...,Si,...,8;) is reduced.
Proof. This is a special case of Corollary [£.4(1). O

4.3. Iso-indecomposability in I(z7!).

Lemma 4.7. Let o,3,v € . Ifca = B+~ and ||| = ||, then ¢ = (8,a) =
(7,2Y) > 0.

Proof. Since a, 3,y > 0, we must have ¢ > 0. By applying (-,a") to both sides of the
equation ca = f + v, we find that ¢ = (1/2)(8,a") + (1/2){(v,a"). Since ||3]| = ||v]|,

(B, ca) = (8,8 +7) = 1B + (8,7) = V1> + (8,7) = (v, 8 +7) = (7, cq),
implying (8, a") = (v, a"), as desired. O

As a consequence, we obtain the following well-known fact.

Lemma 4.8. Let o, 3,7 € &1, where ® is simply laced. If ca« = B+ and B # «,
then c = 1.

Proof. This follows from Lemma [4.7] O

Proposition 4.9. If S C ®* is a root set and ® is simply laced, then S C S*.

Proof. Suppose « is iso-decomposable in S. Then ca = 8 + v, for some 5,7 € S. By
Lemma[4.8] ¢ = 1. Thus « is integrally decomposable in S. O

Lemma 4.10. Leti,j,k € [I].

(i) v # v if i # 3
(ii) If j <i then sj---s1(vi) > 0; otherwise sj---s1(y;) <O0.
(ili) If evi =75 + vk, J < k, then j <i <k.

Proof. (i), (ii) See [Hum90, Section 1.7].
(iii) By Lemma [4.7, ¢ > 0. Assume that ¢ < j and i < k, and let y = s;---s1. Then
cyyi = yvyj + yyk- By (ii), cyyi < 0 and yv; + yy > 0, contradiction. A similar

argument eliminates the possibility that ¢ > j and ¢ > k. (This proof also appears in
the proof of [Ste01, Theorem 5.3].) O
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The following theorem plays a central role in this paper: it is required for all sub-
sequent results of this section and the next. The theorem also illustrates how iso-
indecomposability arises naturally in the study of Coxeter groups and inversion sets.
Indeed, the problem of finding some property of 7; which is equivalent to reducedness of
81+ 8; -+ s; initially led us to this theorem and the definition of iso-indecomposability.

Theorem 4.11. For i € [l], the following are equivalent:

(i) s1- - 81 is not reduced.

(ii) There emst J <i <k such that oj = sjp1--- 5 Sp—1(ag).
(iii) There exist j < k and c € Q such that cy; = 7] + v, and ||v;]] = ||ll-
(iv) ~; is iso-decomposable in I(x~1).

Moreover, in case one (and thus all) of these statements hold, it must be true that j <
i < k; and that j, k satisfy (ii) if and only if they satisfy (iii); and that ¢ = (yg,7;) > 0.

Proof. (i) < (ii) See [Hum90, Theorem 1.7]; (iii) < (iv) by definition.
Now suppose j < i < k. Let 8 = si11 - sg—1(ag). Then (v, 7’) = (s1-+- 88, —s1 - sier))) =
(=B, ). Thus
(Ve )i = (=B, ' )i
=51 5i-1((=B, o) )w) (4.1)
=51 8i—1(=B+siff) = —s1 8- sp-1(ok) + Yk

(ii) = (iii) Let j < ¢ < k be as in (ii). Substituting a; for sj4q1---8;- - sp_1(ag) in
(.1) produces {(vg, 7 )vi = vj + V-

(iii) = (ii) Lemma [4.10[iii) forces j < i < k. By Lemma ¢ = (W), so
V> v )i = v+ e Substltutlng this into (4.1]), we obtain v; = —s1 -+ 5; - - - sp_1 ().
On the other hand, by definition, v; = s1--- sj_l(aj). Equating these two expressions
for v; and simplifying yields sj1---5;-- - sp—1(ax) = ¢, as required. O

Corollary 4.12. Let S = I(z™Y). If v; € S*, then z; = x;.

Proof. If o; € S*, then (s1,...,5;,...,s;) is reduced by Theorem and thus z; = x;
by Corollary [4.6] O

Corollary 4.13. Let S = I(x™Y). Then (S*).5w = (SH)esw and (84) .50 = (54) 5w

Proof. The first equation is due to Corollary Note that the first equation implies
that for any F C Si, we have E,>,, = E;>,. The second equation now follows by
observing that S@ C S*, and if ® is simply laced, then S% C St by Proposition O

Remark 4.14. Corollary proves the assertions of [GK22, Remark 5.9].
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5. INCREASING AND ISO-INDECOMPOSABILITY

In this section we show that for S = I(x~!) we have that S C S* where increas-
ing A-decompositions are relative to the Demazure weight. Using this and results of
previous sections, we prove our main technical result: Cone4(S.>y) = Conea(Sy>w).

Lemma 5.1. Let S = I(z~ 1Y), and let v € S. If there exists an iso-decomposition of 7y
in S, then there exists an increasing iso-decomposition of v in S.

Proof. We have that v = ~; for some . Assume that ~; is iso-decomposable. By Theo-
rem $1+++8; -+ s;isnot reduced. Choose k > i minimal such that £(sy---5; -+ sx) <
l(s1---8;---Sk_1), and then j < i maximal such that £(s;---5;---sp) < €(sjq41---5 - sk).
It is shown in the proof of [Hum90, Theorem 1.7] that j, k satisfy Theorem M(ii);
thus they satisfy Theorem [£.11[iii), i.e., ¢y; = v 4 Y& with [|v;]| = ||yk/|. We will show
that z;, 2z, > z;, thus completing the proof.

By choice of k, s1-+-8; -+ s,_1 is reduced but s1---8;--- s is not. Thus

Hg ---Hg---Hg, | =Hg . 5.4 _,=Hg. 5.5 _Hs =Hg ---Hg, - Hg,
If we multiply on the right by Hy, , --- Hs, we obtain Hsl‘-~ﬁsi~--ﬁsk---Hsl =
Hg ---Hg, ---Hg. Letting r = (s1,...,8i,...,8k,...,51), we have z, = z;. Since r

is a subexpression of (si,...,Sk,...,s), Corollary (ii) implies z, > 2z.. Therefore
Zk > Zi.

Using the fact that sjiq---5;---sp is reduced but s;j---5;---s is not, a similar
argument yields z; > z;. O
Lemma 5.2. Let S = I(z7'), and let v € S.>y. If there exists an iso-decomposition

of v in S, then there exists an iso-decomposition of v in S;>q.

Proof. This follows from Lemma [5.1] and the fact that increasing linear combinations
preserve S;>, (see Remark . O

Proposition 5.3. Let S = I(x~!). Then S™ C S*.

Proof. Suppose v; ¢ S*. By Lemma there exist j,k such that cy; = v; + W
is increasing and ¢ € Q. If @ is simply laced, then ¢ = 1, by Lemma [£.7] Thus
Vi ¢ ST -

Corollary 5.4. Let S = I(z7!). Then (SZZw)i = (S%) >0
Proof. By definition, (Si)ZZw = Stn Sz>w. The inclusion (SZZw)i ) (SI)ZZw holds

because any element of S,>,, that is iso-indecomposable in S' is iso-indecomposable in
the smaller set S,>,. The reverse inclusion is the contrapositive of Lemma O

Corollary 5.5. Let S = I(x7!). Then Cones(S,>yw) = Conea(Sy>w), or equivalently,
(Szzw)A = (szw)A
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Proof. Since x; < z; for all i, Cone 4 (Sz>w) C Conea(S.>qy). The other inclusion follows
from S,y € Cone((S™),5w) € Conea((S*).>w) = Conea((S)y>w) € Conea(Sy>w),
where the first and second inclusions are due to Propositions and and the equal-
ity is due to Corollary The equivalence of the second equality of this corollary is

due to Corollary O

Remark 5.6. By Lemma [2.4(iii), Corollary [5.5|is a stronger statement than (S4),>,, =
(84) 25w, which was proved in Corollary

6. EQUIVALENT INDECOMPOSABILITIES

The main theorem of this section is the following.

Theorem 6.1. Let ® be of classical type or of type G, and let S = I(x™'). Leta € S.
Then « is rationally indecomposable < « is iso-indecomposable. If ® is simply laced,
these conditions are equivalent to the condition that « is integrally indecomposable.

A more precise statement, Proposition [6.4], is given in Section The special case
of § = &+ is studied in Section [6.2]

The equivalence of indecomposabilities given by Theorem which we view as
of independent interest, has two main applications in this paper. First, it is used in
this section to prove that in classical types and type Ga, for S = I(x7!), we have
()50 = (S>w)? and (S4)s>w = (Se>w)?. In Section |§|7 we show that the first
of these equalities implies that in classical types and type G2, ®KL N g4 = (@KLHA
Second, it allows us to prove Corollary [7.4} in types A and D, z is fully commutative if
and only if all elements of I(x~!) are integrally indecomposable. This leads, in Section

to smoothness criteria for fully commutative x in types A and D.

6.1. Indecomposability in closed subsets of ®T. It is convenient to introduce the
following characterization of inversion sets, which is a slight variation of the charac-
terization given by Papi [Pap94]. We shall say that a root set S C ®* is closed if (i)
a,f € S and ra + sf € ® for positive real numbers r and s imply ra + s8 € S, and
(ii) a, 8 € T and a+ 8 € S imply a € S or 8 € S. The following lemma is a simple
consequence of Papi’s characterization.

Lemma 6.2. Let S C ®. Then S is closed & S = I(xz7!) for some z € W.

Proof. Consider the condition (i'): a, 8 € S and a+ s € ® s implies a« + € S. Papi
proved that S satisfies (i) and (ii) if and only if S is of the form I(z~1).

Suppose S is closed. Since S satisfies (i) and (ii), it satisfies (i’) and (ii), so S =
I(z7!) for some z € W. Conversely, suppose S = I(x~1). The set S satisfies (ii) by
Papi’s result. If o, 8 € S and ra + sf € @ for positive real numbers r and s, then

r ta and 7! 3 are negative roots, so the root z~!(ra + s3) must be negative as well
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(because when written as a sum of simple roots, all coefficients of 2~ (ra + s3) are
negative). Hence ra + sf € S, so S satisfies (i). Hence S is closed. O

Theorem [6.1] is an immediate consequence of Proposition below. We divide the
proof into smaller steps by introducing a new variation of indecomposability.

Definition 6.3. Let S be a root set. A rational decomposition in S of the form
a = croq + ceas is called a bi-decomposition of . The element « is called bi-
decomposable if o has a bi-decomposition and bi-indecomposable otherwise.

Proposition 6.4. Let S be a closed subset of ® and let o € S. Consider the following
conditions:

(i) « is iso-decomposable.

(ii) a is bi-decomposable.
(iii) « is rationally decomposable.
(iv) « is integrally decomposable.

We have (i) < (ii) = (iii) < (). If © is of classical type or of type Ga, then (iii) =
(i1) and thus (i) — (iii) are equivalent. If ® is simply laced, then (i) = (iv). Thus in
types A and D, (i) - (iv) are equivalent.

Proof. (i) = (ii) = (iii) < (iv) is clear from the definitions; (i) = (iv) if ® is simply
laced, by Proposition

(ii) = (i) We first provide several facts about rank 2 root systems, referring the reader
to [Ser01l, Ch. 5, §3 and §7] for additional background and details. There are four rank
2 root systems: A; X Ay, Ag, Bo, and Go. Every root A of a rank 2 root system has
two “nearest neighbors”, one to either side, which we denote by A\’ and \”. One checks
that |X| = ||, and in types As, Ba, and Ga, A = ¢\ + ¢\, where ¢ =1 or ¢ = 1/2.
This gives an iso-decomposition of A in ®.

Since « is bi-decomposable, we can write
a=rp+ty (6.1)

where r,t are positive rational numbers, 5,7 € 5, and «, 8,7 are distinct. Let X =
{a, B,7}. Since the three elements of X are distinct, they do not lie on the same line
through 0. By , they lie on the same plane through 0. Thus the R span of X,
which we denote by Vy, is two dimensional. By [Bou02, Ch. VI, §1, no. 1, Prop. 4(ii)],
dx := dNVx is a root system. Its rank is two, and thus it must be of type Ay x A,
Ao, Bs, or Go. Since it contains X, and X contains three elements none of which is
the negative of any other, we can rule out type A; x Aj.

Let C = Coner{8,v} = {zf +yv: z,y € R,z,y > 0}, the convex polyhedral cone
generated by {f,~v}. Geometrically, C is the locus of points in Vx lying on or between
the ray through g and the ray through ~. By (6.1]), a is in the interior of C. Since
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B,7 € @y, it follows that o/, a”, the nearest neighbors to a in ®x, must also lie in C.
Since 8,7 € S and o, a” € ®, condition (i) of S being closed implies o/, a” € S. As
shown above, & = ca/ + ca’’, where ¢ = 1 or ¢ = 1/2. Hence « is iso-decomposable in

S.

(iii) = (ii) if ® is of classical type. We proceed by contradiction. Suppose that « is
rationally decomposable but not bi-decomposable. Then we can write « = ryay +-- -+
rnp, Where n > 3, r; positive rational numbers, o; € & distinct, and «o; # «, but we
cannot express « as such a linear combination with n = 2. Clearing denominators, we

obtain
doa=miaq + -+ + Myuay, (6.2)
where d, mq, ..., m, are positive integers. Among such expressions, consider those with
d minimal; among these, consider those with m+- - -+m,, minimal; among these, choose
one with mq|ai|? + -+ + my|a,|? minimal. Assume that d, n, my,...,mu, ai,...,a,
are so chosen. We can rewrite as
at-Fa=(a+-Fa)+ o F (At Fay), (6.3)

where « occurs d times and each a; occurs m; times. The total number of summands
on the right hand side is mi + - -+ + my,.

We make several preliminary observations about (6.3)): for all ¢, j such that ¢ # j,

(a) a; + o is not an integer multiple of c.
(b) ; +O[j ¢ o,

(©) (ai,a5) > 0.

(d) (e, ) > 0.

To prove (a), note that if a; + o;j = ea for some positive integer e, then o is bi-
decomposable in S, a contradiction. To prove (b), suppose that «; + oj € ®. Then,
since S is closed, o;+a; € S. Thus two summands «;, ; on the right hand side of (6.3))
can be replaced by the single summand o;+cj. This replacement decreases mi+- - -+m,,
by 1, contradicting the minimality of this sum. Now (c¢) follows immediately from (b)
and (d) follows from (c), since (o, ;) = (1/d) > m;j(cy, ;) > 0.
Let us recall the positive roots of classical type:

Aoy T ={e—€:1<p<qg<n}

B, P ={e,te,:1<p<qg<niU{e:1<p<n}

Cp P ={epte;:1<p<qg<n}U{2,:1<p<n}

D, T ={epte;:1<p<qg<n}
Based on these representations, we can make an additional observation about (6.3):

(e) Suppose that some «; has a component of €; but o does not. Then «; = €, £ ¢4

for some r < s, and there exists j such that a; = €, F €,. Moreover, o has a
component of ¢, with positive coefficient.
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Indeed, since o; has a component of €, but o does not, some a;; must have a component
of €5 but with coefficient of opposite sign. This results in (o, ;) < 0, unless o; = €, %€
and o = € F €, for some r < s. The final claim of (e) now follows from (d), which
tells us that (a, ;) > 0 and (o, o) > 0.

If @ = €, — ¢, (in any type), then all terms on the right hand side of must be of
the form €, — €, (since the sum of the coefficients of the ¢; is 0). There must be one root
«; on the right hand side of of the form €, — €4, with 7 # p, since the coefficient
of €, is negative. Then since the coefficient of €, in the sum is 0, there must be a root
a; of the form €, — €, but then (a;, a;) = —1, which is impossible by (c). Therefore «
is not of the form €, — ;. This completes the proof for type A,_1.

If « = ¢, in type B, or a = 2¢, in type Cy,, then some «; must be of the form €, e,
s # p. By (e), p < s and some o must be of the form €, F €,. But this contradicts (a).
Therefore « is not of the form ¢, in type B, or 2¢, in type Cj,.

Hence, o = ¢, + ¢4 in type B,,, Cy, or D,,. Suppose that some a; = €, — ¢;. Then,
since o has a component of €, with positive coefficient, some o; must as well. But then
(e, o) < 0, contradicting (c). We conclude that no o; equals €, — €.

Consider types B, and C,. Some «; must have a component of e¢; which « does
not. (In type C,, this is true because the only alternative is o = 2¢,, oj = 2¢, for
some 1, j, contradicting (a). In type B,, a similar argument applies.) Thus, by (e),
either «; is of the form €, &= €5 and there exists j such that «; is of the form €, F e,
or «; is of the form €; = €, and there exists j such that «; is of the form €; F €.
Assume the former; the proof for the latter is similar. In type B,, since S is closed,
ep = (1/2)a; +(1/2)ay; € S. Thus a;, o, two summands of the right hand side of (6.3)),
can be replaced by €, €,. With this replacement, my|aq|* + - - - + mp|a,|* decreases by
2, contradicting the minimality of this quantity. In type Cy, 2¢, = a; +a; € S. Now
«j, aj can be replaced by the single root 2¢,. This replacement decreases mq+---+m,,
by 1, contradicting the minimality of this sum. This completes the proof for types B,
and C),.

This leaves only the possibility that o = €, + ¢, in type D,,. We have seen that no
a; equals €, — €;. By (e), all of the a; are of the form €, & ¢, and ¢; £ €,, where a,b
are not equal to either p or q. Note that we cannot have both €, + ¢, and ¢; — ¢, on
the right hand side, since the inner product would be —1. Similarly, we cannot have
both €, — €, and €; + €, on the right hand side. All coefficients except those of ¢, and
€q are 0, so we conclude that on the right hand side, €, + ¢, occurs iff €, — €, occurs,
and €, + €, occurs iff €; — €, occurs. By minimality of the expression , we conclude
that this expression must have the form

2(ep +€g) = (ep + €a) + (6p — €a) + (6g + &) + (€ — &) (6.4)
for a,b not equal to p or ¢, and a # b. Now, €, + ¢, € S, and
ep+ €a = (€p — €q) + (€a + €)-
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Since S is closed, at least one of the roots €, — €, or €, + €, must be in S. If ¢, — ¢, € 5,
then €, — €, is in S as it is the sum (€, — ¢;) + (¢4 — €), where both summands are in
S'; but then

a=¢,+e=(ep— )+ (g + ),
which contradicts the assumption that « is not bi-decomposable. On the other hand,
if ¢, + €4 €9, then

a=e+e=(—¢€)+(eate),
again contradicting the assumption that « is not bi-decomposable.

(iii) = (ii) if ® is of type Go2. The root system G2 was discussed above in the proof of
(ii) = (i). Its six positive roots lie in a half-plane. Suppose that o € S is rationally
decomposable. Then @ = riaq + - - - + 14y for some t > 2, «; € S distinct, a; # «, and
r; € Qso. Let 8 and v be the leftmost and rightmost roots of ay,...,a;. Then 8 and
~v lie on the two edges of Coneg{ay,...,a;}. Thus

a € Coneg{ay,...,o} = Coneg{f, v},
implying « is bi-decomposable. O

The proof of the implication (iii) = (ii) in classical types is clearly the most difficult
part of this proof. The question of whether this implication holds in types E, and Fj
is open.

Remark 6.5. If @ is not simply laced, then rational decomposability is not equivalent
to integral decomposability. For example, in type Bs, one can check that the subset
S ={e1—e€2,¢€1,61+e3} C P isclosed. In S, the roots €1 — e and €] + €2 are rationally
indecomposable, but €; is not. However, all three are integrally indecomposable.

Proposition 6.6. If S = I(x~') and ® is of classical type or of type Go, then
(Szzw)A = (Szzw)i-

Proof. The inclusion C holds because any A-indecomposable element is iso-indecomposable.
We prove the reverse inclusion. Suppose v € (SZZw)i- If v is A-decomposable in S,>,,
then ~ is A-decomposable in S, so by Theorem v is iso-decomposable in S. By
Lemma 7 is iso-decomposable in S,>,, a contradiction. Hence v € (S,>,)4. O

Suppose that S = I(z~!). One sees easily (see Lemma (1)) that (S4).,>, C
(S.50)? and (S4)i>w € (Sp>w)?. The following corollary shows that in classical
types and type Ga, all four of these sets are equal.

Corollary 6.7. If S = I(x~') and ® is of classical type or of type Ga, then (S4)z>w =
(szw)A = (SA)ZZw = (Szzw)A

Proof. By Corollaryand Remark () 25w = (S) 23w and (Sp>w)? = (Sonw)?.
The proof is completed by observing that

(SA)ZZw = (Si)zzw = (Szzw)i = (Szzw)Av
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where the first equality is due to Theorem the second to Corollary and the
third to Proposition O

Remark 6.8. This corollary implies that if z is fixed and one wants to calculate (S,>q,)?
for multiple z, it is not necessary to check indecomposability separately for each z.
Rather, one can compute the set S4 of A-indecomposable elements in S, and then
intersect with S;>.

Figure [2| summarizes the relationships we have found among the five main types of
indecomposability in I(z~!). For general root sets, rational indecomposability implies
the other four types (see Figure[l)). The other four implications of Figure [2] are proved
in Propositions and

Ste

I(z™1)

S

o
(=}
2

St

s=16a) S=1(")
classical type, type Ga simply laced

SCat
simply laced

SZ

FIGURE 2. Relationships among five types of indecomposability. Ar-
rows represent inclusions. (See also Figure [l on page )

6.2. Indecomposability in ®*. When S = &%, several types of indecomposability
are easily proved to be equivalent in all types. This is due to the following properties
of the base A of ®T:

(a) A is linearly independent.
(b) Each root of ®* is a non-negative integer linear combination of elements of A.



24 WILLIAM GRAHAM AND VICTOR KREIMAN

(c¢) Any root of ®* not in A can be written as a sum of two positive roots.
Proposition 6.9. Let S = ®* and o € S. The following conditions are equivalent:

(i) « is iso-decomposable.
(ii) « is bi-decomposable.

)
) a ¢ A.
)
)

« 1s integrally decomposable.
(v) «a is rationally decomposable.

(i
(iv

Proof. (iii) = (iv) = (v) <= (i) are clear from the definitions, (ii) < (iii) follows from
(c), and (i) < (ii) holds by Proposition [6.4}

(iii) <= (v) is an immediate consequence of (a) and (b). Indeed, let a € A. If 5 is
an element of ®* \ {«a}, then a (nonnegative) linear combination for 3 in the elements
of A must contain at least one term other than «. Thus the same is true if 3 is
a nontrivial nonnegative linear combination of elements of ®* \ {a}. Therefore a
nonnegative linear combination of elements of ®* \ {a} cannot equal «, i.e., « is
rationally indecomposable. O

Corollary 6.10. (27 ) = 2A~ = (207)% = (207

Proof. This follows from Proposition as x is a length-preserving linear automor-
phism of . O

7. WHEN ALL ELEMENTS ARE INDECOMPOSABLE

In this section we study root sets S C ®. We are interested in examining conditions
under which all elements of S are rationally, integrally, or iso-indecomposable. When
this occurs, results in other sections concerning such indecomposable elements of S will
of course apply to all elements of S.

We say that S is coplanar if there exists v € t such that a(v) = —1 for all a €
S. If I(x~1) is coplanar, then z is said to be a cominuscule Weyl group element.
Cominuscule Weyl group elements were first studied by Peterson.

The Weyl group element z is said to be fully commutative if there does not
exist a reduced expression for x which contains a subword of the form s;s;s;--- of
length m > 3, where m is the order of s;s;. In [BJS93|, Billey, Jockusch, and Stanley
showed that in type A, fully commutative Weyl group elements can alternatively be
characterized as 321-avoiding permutations, and that their Schubert polynomials are
flag skew Schur functions. Full commutativity was studied extensively by Fan and
Stembridge in [Fan95], [Fan97], [FS97], [Ste96], [Ste9T].

Theorem 7.1. If x is a cominuscule Weyl group element, then x is fully commutative.

Proof. This result is due to Stembridge (see [Ste01, Proposition 2.1]). O
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Theorem 7.2. For S C ®*, consider the following statements:

(i) S zs coplanar

(ii

)

) S

(iii) S does not contain three roots of the form «, B,a + 3.
(iv) SQ S
(v) §

(vi) z is fully commutative.

We have (i) = (ii) = (iit) and (iv) = (ii). If © is simply laced, then (iii) < (v). If
® is simply laced and S = I(x~1), then (i) = (i) and (i) < (vi). (See Figure @)

(i) S coplanar (ii) % =S (vi) z fully commut.
g 0
2 L
=
g L
FDD-‘V

\
) 0 simply laced ;
(iv) S¥ =S (iii) Ao, B,a+ B ES =< (v) S*+=S

FIGURE 3. To accompany Theorem[7.2} Arrows represent implications.
Labelings of an arrow indicate conditions under which the implication
or equivalence holds.

Proof. (i) = (ii) is proved in the same manner as [GK22, Proposition 6.4], but with
I(x~") replaced by S; (i) = (iii) is clear from definitions; (iv) = (ii) since S@ C S%;
(iii) < (v) if @ is simply laced follows from Lemma (iii) & (vi) if ® is simply laced
and S = I(z~!) by [FS97, Theorem 2.4].

(i) = (iv) if @ is simply laced and S = I(x~!). Assume S is coplanar. Then for all
a,8 €S, (a,B) > 0. Indeed, if this were not true, then we would have a + 8 € ®7.
Since S = I(z~!) is closed under addition, this would imply a + 8 € S, violating (iii).

Suppose there exists § € S\ S Let

B=>_rifi (7.1)

ri € Qs0, Bi € S\ {B} be a positive rational decomposition of 5. Applying (-, 5;) to
both sides of ([7.1)) yields (3, 8;) > 0. Thus (5;, ) = 1.
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Applying (-, 5) to both sides of (7.1), we obtain 2 = > r;. Let v be such that
a(v) =1 for all & € S. Applying v to both sides of (7.1)), we find that 1 = > r;, a
contradiction. O

Remark 7.3. Some of the conclusions of Theorem (i) - (vi) can be strengthened.
For example, (iii) = (vi) does not require S to be simply laced (although the converse
does).

Corollary 7.4. If ® is of type A or D, then all elements of I(x~') are integrally
indecomposable if and only if x if fully commutative.

Proof. In types A and D, I(=")Q = I(z~!)}, by Proposition Thus, in Theorem
conditions (ii) through (vi) are equivalent (see Figure 3)). O

Remark 7.5. In [GK22, Remark 6.5], the Weyl group element = = s281535452 of type
Dy is considered. It is observed that all elements of I(x~!) are integrally indecom-
posable, but x is not cominuscule (see [Ste0l, Remark 5.4]). Nevertheless, = is fully
commutative, as required by Corollary [7.4] Note that Stembridge’s results apply since
cominuscule Weyl group elements are exactly the minuscule elements for the dual root
system (see [GK21l, Section 5.2]).

8. TANGENT SPACES AND T-INVARIANT CURVES

In this section we recall some known results on tangent spaces and T-invariant curves
of Schubert and Kazhdan-Lusztig varieties in G/P. We include some proofs for the
convenience of the reader. Fix w < x € WT.

8.1. Schubert and Kazhdan-Lusztig varieties. We use the notation of Section (1.3
Let U, denote the root subgroup of G corresponding to o € ®. If V is a unipotent
subgroup of G normalized by T', then U, C V if and only if « € ®(V); otherwise U, NV
is the identity. Moreover, V' =[], cq (1) Ua-

Part (i) of the next lemma goes back at least to [Kos61], and part(ii) is an immediate
consequence. Part (iii), which also follows easily from (i), is used implicitly in [Knu09,
Section 7.3].

Lemma 8.1. We have

(i) 2@ N O =I(z71).
(ii) 2®p = (@ NO7) U I(z™h).
(iii) Up(x)NU =U(z)NU.

Proof. (i) By definition, I(x~1) = 2®~N®*. The left coset analogue of [Kos61, Remark
5.13] states, in our notation, that z(®*\ ®}) C ®*. Thus z(®~ \ ®p) C ®~. This
implies that I(z71) = 2@~ N®T =20, N ®T, as claimed.
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(ii) 2@p = (z®p N @)U (2®p N PT) = (z@p N O ) U I(z71), by ().

(iii) Us CUp () NU if « € 2@ N O, and U, C U (z) NU if a € I(z™1). By (i),
z®,N®T = I(2~!). Hence Up (z)NU and U~ (z)NU contain the same root subgroups,
so they are equal. O

Combining this lemma with a well-known fact about the Bruhat order, we obtain
the following corollary.

Corollary 8.2. Let w <x € WF. Then 2®5 N &+ = I(z7!) = {a € 2@} | 5o < 7}
and @5 N O~ = {a € 2P, | sqr > x}.

Proof. Let o € ®. Observe that sqx > z if and only if 27 's, > 2! if and only if «
and x~'a have the same sign. Thus, if o € x®p, then sox > x implies a € 2@, N O™,
and sz < x implies @ € 2@, N @ = I(z71). O

As noted in Section the T-fixed points in G/ P are the cosets zP for z € WF. We
will sometimes denote the fixed point zP simply by z, when it is understood that we
are considering a point in G/P. The Kazhdan-Lusztig variety Y, is the intersection of
the Schubert variety X with the opposite Schubert cell X0 = B -z P. It is irreducible
of dimension ¢(z) — (w) (see [KL80, 1.4]), and is an open subvariety of the Richardson
variety X" N X,. The unipotent subgroup Up (z) embeds as an open subset of G/P
under the mapping Up (z) — Up (z)z P, and X! = BaP = (Up (z)NU)zP C Up (x)zP.
Thus,

' =X"NUp(x)nU)zP. (8.1)

We see that Y" is an affine subvariety of (Up (x) NU)xP = Up(x) NU. As observed
by Kazhdan and Lusztig (in the setting of the full flag variety G/B), a neighborhood
of X" near xP is isomorphic to the product of Y,* with an affine space (see [KL79,
Lemma A4]). In the G/P setting, this takes the form of a T-equivariant isomorphism

XUNUp(z)xP 2Y," x (Up(x)NU™)xP. (8.2)

Note that (Up (x) "U™)aP = B~ 2P = X§. The T-fixed points of X* are the cosets
zP € G/P such that z € WP and z > w, whereas P is the unique T-fixed point of
Y.

We remark that although Kazhdan and Lusztig considered the full flag variety G/ B,
we have followed [Knu09] and used the term Kazhdan-Lusztig variety in the G/P

setting. A more detailed discussion of slices such as this may be found in [GK21].

8.2. T-invariant curves of Schubert and Kazhdan-Lusztig varieties. In this
section we recall some results describing the sets of weights of tangent spaces and of
T-invariant curves of Schubert varieties and Kazhdan-Lusztig varieties. These are ob-
tained from the decomposition , as well as the description by Carrell and Peterson
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of the T-invariant curves in Schubert varieties (see the proof of Proposition [8.3)i)).
They will be used in the proof of our main result in the next section.

If Z is a variety with a T-action, then a T-invariant curve of Z is defined to be an
irreducible curve C' which is closed in Z and stable under the T-action, i.e., t-C C C
for all t € T. If z is a T-fixed point of Z, then denote the set of all T-invariant
curves of Z containing z by E(Z, z). Denote the tangent space to Z at z by 7.7, and
ZCGE(Z@ T.CCT,Zby TE,Z.

The T-invariant curves in G/P are the curves of the form U,z P, where z € WF
and o € 2®,. Such a curve is isomorphic to P!, and is equal to UyxP U {s,xP}. If Z
is a T-invariant subvariety of G/P containing xP, then E(Z,z) consists of the curves
Uax P such that U,z P N Z has dimension 1. Hence E(Z, ) is determined by the set
of weights ®(TE,Z), since UpxP N Z € E(Z,x) if and only if « € ®(TE,Z).

The description by Carrell and Peterson of T-invariant curves in Schubert varieties
yields the following result.

Proposition 8.3. Let w <z € WF.
(i) ®(TE,X") ={a € 2P, | sqx > w}.
(ii) ®(TE,YY) ={a € I(z71) | saz > w}.
Proof. (i) By the result of Carrell and Peterson (see [Car94], [CKO03]),
E(XY,2P) ={UsxP | a € 295, sqz > w}. (8.3)
By the discussion before the proposition, this is equivalent to (i).

(ii) The definition of ¥” implies that E(Y,", x) is the intersection of E(X"“NU, (v)x P, x)
and E((Up (x) NU)xP,x). By (i),

E(XYNUp(x)xP,x) = {UsxP | a € 3P, sz > w}. (8.4)

Also, we have UyzP C (Up(z) NU)zP & Uy CUp(x)NU & a € ®(Up(x)NU) =
2@, N®T = I(z7') (here we have used Lemma [8.1)). Thus,

E(({Up(x)NU)xP,z) = {UszP | a € I(xz™1)}. (8.5)
Hence,

E(YY,zP) = {UyzP | a € I(z™ 1), sqx > w}, (8.6)
which implies (ii). O

For later use, we summarize some facts about weights of tangent spaces and T-
invariant curves in the following corollary.

Corollary 8.4. Let w <z € WF.

(i) (T, X") C adp.
(i) (T X") = (2@pNO7) UP(T,Y,") = {a € 2P, | sqx > x} UO(T,Y,").
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(iii) ®(T,YY) = ®(T,X¥)NI(x~1).
(iv) ®(TE,XY) = (2@ N O™ ) U S(TE,YY).
(v) ®(TE,YY")=®(TE,XV)NI(z7 ') ={a €xdp |z > sqz > w}.

Proof. (i) T,X" C T,(G/P) = Up (), which has weights x®.

(ii) The first equality follows from the decomposition (8.2 (it also appears in [GK22]
Lemma 6.2(i)]). The second then follows from Corollary

(iii) This follows from (i), (ii), and Lemma [8.1(ii).

(iv) By Lemma (ii) and Proposition P(TE,X") = {a € 2P, NPT | sqx >
w} U ®(TE,Y,"). But by Corollary for all « € 2@, NP7, sz > w.

(v) The first equality follows from (i), (iv), and Lemma [8.1](ii). The second can be
deduced from Proposition [8.3|i) and Corollary O

9. INDECOMPOSABLE WEIGHTS OF TANGENT SPACES AND T-INVARIANT CURVES

Fix w < x € WP, Define ®ion = ®(TpX"Y), Peuwr = ®(TEXY), @KL = (T, YY),
and ®XL = O(TE,Y."). We refer to @, and ®LL as sets of tangent weights, and @y,

cur tan

and ®XL as sets of curve weights.

In this section we prove the main result of this paper, Theorem (see Corollary|9.3]):
Py € Coneyg Peyr. We deduce this from the stronger statement @{;%1 C Coney @5{;
This result relies on properties of ®Kl studied in [GK22], the characterization of ®Kl

by Carrell-Peterson [Car94], and Corollary

Observe that ®XL C @KL C 1(z=1), where the second inclusion follows from Corol-

lary [8.4(iii). Also,
XL — (27 )z, (9.1)

cur

as follows from Proposition [8.3(ii) and the equality z; = s,,2.

Proposition 9.1. We have ®LL C Conez(I(x71).5y).

tan

Proof. We first give definitions of three terms which appear in equation below.
Recall that s = (s1,...,s;) is a fixed reduced expression for z. Define Ty, s to be the set
of sequences t = (i1,...,0m), 1 <ip < -+ < iy <, such that Hy, ---H, = H,. For
such t, define e(t) = m — ¢(w). For ¢ € Conez{v; : i ¢ t}, define ns to be the number
of ways to express ( as a nonnegative integer linear combination of the 7;, i ¢ t.

Let B and C be the coordinate rings of the tangent space and scheme-theoretic
tangent cone respectively of Y* at x, and let By and C be the degree one components
of these rings. By equation (5.2) of [GK22] (see also [GK22, Theorem 6.1]) and the
simplifications following this equation, the character of C' for the T-action is

_ ety o
Char ¢ ZtGTw,s ZCEConeZ{'yi:iét}( 1) e (9.2)
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For each ~; in this summation, i ¢ t for some t € Ty, s; by [GK22, Theorem 5.8], z; > w.
Therefore all weights ¢ of C lie in — Conez(I(z7!).>y). So too do all weights of By,
since By and () are canonically identified. But Bj is the dual space of 7, Y,”. Hence
all weights of T,,Y,% lie in Conez(I(z7!).>w)- O

Theorem 9.2. We have:

(i) Coneq ®KL = Coneq ®KL or equivalently, (PRL)A = (®KL)A Hence KL C
Coney XL

(ii) @KL N I(z=HA = OEL 0 [(x=H)A.

tan cur

(iii) ®EL N I(z=H)A = dEL N (2714 = (OKINA = (®KINA if & is of classical type

tan cur cur tan

or of type Gs.

Proof. (i) For S = I(z~1),

Q)EI;I C Conez(S;>w) € Conea(S;>w) = Coney(Sz>w) = Coney PKL

cur?

where the inclusions and equalities are due, respectively, to Proposition 7 C A,
Corollary and equation (9.1)). It follows that Coney v C Cones @KL, and the
other inclusion is clear. The equivalence of the second equality of (i) is due to Corollary
Note that in general, we need to take A = Q to apply Corollary However, if
G is simply laced, Corollary holds for A = Z as well, so we can take either A = Q

or A="7.
(i) follows from (i) and Lemma [2.2[(iii).

(iii) The first and third equalities are (ii) and (i) respectively, and the second equality
follows from Corollary and equation (9.1]). O

We can deduce from Theorem analogous results for Schubert varieties.
Corollary 9.3. We have:

(i) Coney ®ay = Coney Peyr, or equivalently, (Pran)? = (Peur)?. Hence Py C
Coney Peyr.
(il) Pran N (2Pp)A = Deye N (2P p)A.
(ii]) Pran N A~ = By NzA~, if X¥ C G/B.

Proof. (i) follows from Theorem [9.2(i) and Corollary [8.4{ii), (iv).

(i) follows from (i) and Lemma [2.2[(iii).

(iii) follows from (ii) and Corollary O
If we restrict attention to Schubert varieties in G/B and x = wy, the longest element

of the Weyl group, some of our results simplify. In this case, since P = B, &, = &~
and 2@, = we®~ = ®T. Thus, by Corollary [9.3(i) and Proposition (i), Pian C
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Coney Oy = Coneg{a € ot | sqwg > w}. Moreover, sawy > w is equivalent to
Sa < wwp (see [Hum90, Example 5.9.3]). Hence we obtain

Ppan C CODeA{Oé cor | Sa < U]’wo}.
The following proposition gives a stronger result for classical types and type Ga.

Proposition 9.4. Suppose ® is of classical type or of type G2, P = B, and © = wy.
Then (Peur)? = {a € A | 54 < wwp}, and thus

Dioy C Coneg{a € A | sq < wwp}. (9.3)

Proof. Since x = wo, S = I(z~") = ®*. By Proposition 7 S4 = A. We have
(SxZw)A — (SA)zzw = {a eA | SaWwg > w},

where the first equality is by Corollary and the second is because S4 = A. By
(9.1), Sy>w = ®XL. Since x = wp, by Corollary (iv), ®EL — &.,,. We conclude that

(Pewr) = {a € A | s0wp > w}.

Since sqwg > W & Sq < wwg, and Py C ConeA((CDCHr)A) (see Corollary [3.10)), the
result follows. O

We remark that the condition s, < wwgy appearing in Proposition is equivalent
to the condition that the simple reflection s, occurs in a reduced expression for wwy.

Remark 9.5. In Corollary we proved that ®(7,X") C Coneg ®(TE,X"). We
sketch an alternative proof of this result provided by the referee (who attributed it to
”folklore” ), and we thank the referee for the same. To our knowledge, the stronger result
for simply laced types, namely that ®(7, X") C Conez ®(TE,X"), is not recovered by
this proof.

Since ®(7,X"™) is contained in an open half-space, = is said to be an attractive
fixed point of X" (see [Bri99, 1.3]). Hence there exists an open affine T-invariant
neighborhood U, of x in X" together with a T-equivariant closed embedding ¢ : U, —
T, X" (see [ByB73| Corollary 2] or [Bri99, Proposition A2]). If p : T, X" — TE, X"
is the natural T-equivariant projection, then the T-equivariant map m = po¢: U, —
TE, X" is known to be finite (see proof of [Bri98, Theorem 17]).

We shall denote the coordinate ring of an affine scheme V' by k[V], where k is the
ground field. For A € ®(T,X"Y), there exists x)\ € k[T,X"] with weight —\. Let
y = *(z)) € k[U,], where ¢* is the map on coordinate rings induced by ¢. Then y
also has weight —\. Since 7 is finite, y is integral over k[T E,X"™]. Thus there exist
ag, . . ., am € k[T E;X"™] such that

1

y" +am—1y™ + -+ a1y +ag = 0. (9.4)

The coordinate ring k[T E, X "] is equal to the polynomial ring k[z,: p € ®(TE,X)],
where z, represents a vector in (T'E,X™)* of weight —u. Since the weight of y™
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is m(—\), equation ((9.4) implies that for some i < m, a; must contain a monomial
(241 )7t - -+ (24,)7t such that the weight of (z,,, )7 -+ (2., )"y’ is also m(—\). Thus

Jil=pn) + - Ge(=p) = (m =) (=A).
Hence A is a nonnegative rational linear combination of elements of ®(TE,X"™). We
conclude that ®(7, X") C Coneqg ®(T'E,X"), as desired. O

10. WHEN TANGENT WEIGHTS ARE CURVE WEIGHTS

In this section, we use Theorem [9.2] and Corollary [9.3] to study cases where elements
of ®i,y lie in $eyr, and thus can be easily characterized. We use this analysis to give
smoothness criteria for X" at certain points z.

10.1. Characterizations of tangent spaces. Recall that ®,, C 2®, and @gﬁ (-
@, N0 =1I(z71).

Theorem 10.1. (c¢f. [GK22, Theorem A]) Let a € I(z~1)4. Then a € ®EL if and
only if sqx > w.

Proof. For a € I(x~1)A, Theorem [9.2(ii) implies that o € ®KL if and only if a € ®KL

tan cur*

This occurs if and only if s,z > w by Proposition ii), O
Corollary 10.2. Let o € 2®.

(i) If sqx > x, then o € Piyy,.
(ii) If sqx < x, then a € I(z™1). In this case, if a € I(z=1)A, then o € Byay if
and only if sqx > w.

Proof. (i) If sqx > x, then o € x®, N &~ by Corollary so a € Py, by Corollary
8.4((ii). Note that 2@, N @~ is the set of weights of X§ = B~ - 2P (cf. (8:2) and the
comment after this equation).

(i) If sz < x, then a € I(xz~') by Corollar and thus, by Corollary iii),

o € By, if and only if o € ®KL. By Theorem [10.1} if o € T(z~1)4, this occurs if and

tan*

only if sqpx > w. O

Corollary 10.3. Let X* C G/B and let « € xA~. Then a € Py if and only if
Sa > W.

Proof. For o € xA™, Corollary (iii) implies that o € ®yyy, if and only if a € Deyr,
which by Proposition [8.3[(i) is equivalent to saz > w. O

Recall from Sectionthat aroot set S C ®7 is said to be coplanar if there exists v € t

such that a(v) = —1 for all @ € S; and that z is said to be a cominuscule Weyl group
KL
tan

point of X™. Since ®KL C I(x71), if  is a cominuscule Weyl group element, then x

element if I(x~!) is coplanar. If ®XL is coplanar, then x is called a KL cominuscule
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is a KL cominuscule point of X™. See [GK24] or [GK21] for further discussion of KL
cominuscule points. The maximal parabolic subgroup P O B (or sometimes G/P) is
said to be cominuscule if the simple root corresponding to P occurs with coefficient 1
when the highest root of G is written as a linear combination of the simple roots.

Theorem 10.4. Suppose that ® is simply laced and that any of the following hold:

(i) All elements of ®KL are integrally indecomposable in KL,

(ii) All elements of I1(z~Y) are integrally indecomposable in I(x~1).
(iii) z is fully commutative and ® is of types A or D.

(iv) z is a KL cominuscule point of X".

(v) z is a cominuscule Weyl group element.

(vi) P is cominuscule.

Then ®KL = KL gnd & = Pewr. If a € x®p, then o € OKL if and only if

tan cur tan
T > Sqx > w, and a € Py if and only if sax > w.

Proof. (iii) = (ii) = (i) by Corollary and Lemma [2.2|v) respectively; (vi) = (v)
= (iv) = (i) by [GK22, Proposition 6.7], definition, and Theorem respectively.

Thus we may assume that (i) holds, i.e., (PRL)Z = ®KL By Lemm(v), (OELYZ —

tan tan*

®XL Hence Theorem [9.2(i) implies @KL = ®KL From Corollary [8.4(ii) and (iv) it

cur* tan cur*

follows that ®an = Peyr. Let o € 2@, By Corollary (v), ac OKL = oKL o 7 >

tan

Sox > w. By Proposition (i), o € Oiapn = Py & 50T > W. O

The decomposition (8.2)) implies that x is a smooth point of X* if and only if z is a
smooth point of Y,**. Theorem yields the following smoothness criterion.

Corollary 10.5. Suppose that ® is simply laced. If any of the conditions of Theorem
are satisfied, then the following are equivalent:

(i) x is a smooth point of X" and Y,*.
(ii) {a€xPp: sz > w}| = dim X",
(iii) [{a € I(x71) : sqx > w}| = dim Y.

Proof. If any of the conditions of Theorem [10.4] is satisfied, then
|Pian| = [Peur| = {av € 2P, @ 50 > w}.

Thus, (ii) holds if and only if |®¢an| = dim X%, which by definition is equivalent to
smoothness of X" at x. Hence (i) < (ii). The equivalence of (i) and (iii) is proved
similarly. O

10.2. Smoothness and reduced expressions. Recall that s = (s1,...,$;) is a re-
duced expression for x. Since w < z, s contains a reduced subexpression for w. Let
M={ie[l]:(s1,...,8i,...,5) contains a reduced subexpression for w}.
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Lemma 10.6. |M| = {(x) — {(w) if and only if s contains a unique reduced subexpres-
sion for w.

Proof. Let 1 < i3 < --- < i < [ be such that (si,...,8;,...,8i,...,8]) is a re-
duced expression for w. If it is the unique reduced subexpression of s for w, then
M = {i1,...,it}, and |M| =1 — l(w) = ¢(x) — ¢(w). If there exists another reduced
subexpression of s for w, then M 2 {iy,... i}, and | M| > £(z) — {(w). O

Theorem 10.7. Suppose that ® is simply laced. If any of the conditions (ii), (iii),
(v), or (vi) of Theorem are satisfied, then x is a smooth point of X" if and only
if s contains a unique reduced subexpression for w.

Proof. First, we claim that since ® is simply laced, = is a smooth point of X" if and
only if
Hie[l] : xi > w}| =(x) —l(w). (10.1)

Indeed, for any o € I(z71), a = ~; for some i € [I], and sox = x;. Hence the left side of
equals [{a € I(z7!) : s > w}|. The right side of equals dim Y,"”. Hence
the claim follows from Corollary

Conditions (iii), (v), and (vi) of Theorem all imply condition (ii) of the same
theorem; hence we may assume that I(z~')% = I(2~'). By Theorem I(z~h) =
I(z71); hence x; = z; for all . Consequently,

{iell]l:zi>wy={ie[l]:z>w}

By Lemma z; > w if and only if (s1,...,8;,...,s) contains a reduced subex-
pression for w. Therefore {i € [I] : z; > w} = M. Therefore, z is a smooth point of X
if and only if |M| = ¢(z) — {(w). The result now follows from Lemma [10.6] O

For P cominuscule, the smoothness criterion of Theorem [L0.7]applies even when ® is
not simply laced. This can be deduced from [GKI5l Corollary 2.11], which states that
the multiplicity of x € X" when P is cominuscule is equal to the number of reduced
subexpressions of s for w. Of course, x is a smooth point of X™ precisely when its
multiplicity equals 1. Thus the result is obtained.

Further discussion of the smoothness criterion of Theorem appears in [GK24].

11. EXAMPLES

In this section we consider examples. In Section [11.1] we determine the tangent
space at wq to singular 3-dimensional Schubert varieties for an irreducible root system
not of type Go. Section focuses on type D. We define a family of elements
wep € W, for 1 <a < b<n—1, and let ¢,y and Py be defined taking x = wy and
W = Wep. We show that &y, properly contains @, and verify by direct calculation
that Coneg ey 2 Pian, as guaranteed by our main result Theorem
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Throughout this section, we take P = B so W = W. In this section, ®ian and Peyy
always refer to the sets of curve and tangent weights at the point z = wy.

11.1. Three-dimensional Schubert varieties. Schubert varieties of dimension 3 are
of the form X", where either:

(1) w = wopsaspsa for nonorthogonal simple roots a, 3.
(2) w = wpsaspsy, where a, 3, v are distinct simple roots.

For w as in (1), it is shown in [Bri98§] that if (3,a¥) < —2, then X% is rationally
smooth but not smooth at wg. Using equivariant multiplicities, one can show that for
w as in type (2) that X is smooth at wg. The equivariant multiplicity at wy can be
calculated using a formula for equivariant multiplicities due to Arabia and Rossmann
([Ara89, Prop. 3.3.1] and [Ros89]; see [Brid8, Section 4]); then a result from [Kum96]
(see [Bri98l, Cor. 19]) may be applied to deduce smoothness.

In light of this discussion, the following proposition describes the tangent space at
wo to a singular 3-dimensional Schubert variety for an irreducible root system ® not
of type Ga.

Proposition 11.1. Assume ® is irreducible. Suppose o and B are simple roots with
(B,a") = —2. Let Pian and Peyr correspond to w = wosasgse and x = wy. Then

(I)cur - {047/8’2a +5} and (I)tan = {a,ﬁ,a—i—ﬁ,Qa +5}

Proof. Since there are two root lengths in @, the action of wy on @ is by multiplication
by —1 (cf. [Hum72l Sec. 13, Ex. 5]), so wy is in the center of W.

Taking = = wp, we have ® = {y € ®T | sywy > w}. Equivalently, &, = {y €
Ot | sy < saspsa}. (The statements are equivalent because sywy > w is equivalent

cur

to wosywo < wow; since wy is in the center of W, this is equivalent to s, < 5,5354.)
Since the length of s, is odd, the only possibilities for s, are s, sg, or sa5350 = 55,3

We conclude that @y = {a, 8, sa8} = {«, B,2a + B}.
‘We have
Deur C ®ian C Coney Peyr. (111)

The first inclusion is proper because X* is singular at wg, so dim 7T;,, X* > dim X" =
3 = |®cur|- The second inclusion follows from our main result. In this example, o and
B span a root system of type Bs, with long root 3. Thus, there are 4 roots in the cone
spanned (over Q or Z) by «, 3, namely, o, 3, 53 = 20+ 3, sgoe = o+ 3, the first three
of which are in ®.,,. From , we conclude that @i, must consist of all 4 of these
roots. ]

Note that for @ of type Go (which occurs exactly when (8,a") = —3), there are
more than 4 positive roots, so the arguments above do not suffice to determine ®yy,.
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11.2. Examples in type D,,. In this section we assume @ is of type D,,. We define
a family of elements wy, (a < b < n — 1), and consider the tangent spaces Ty, X et at
x = wg. We write @ty = Pran \ P, for the set of “other” roots in the tangent space
of X%ab at wp. (Of course, Pian, Peur, and Pty all depend on the choice of z = wp and
of wyp € W, but we omit this from the notation.) We will calculate @y, and identify
enough elements of @, to show that each root in @y, is a sum of two roots in ®¢y;.
Thus, in this example, we can verify our main result that ®,, C Coney @y by direct

calculation.

We have chosen = wq in this section because the description of the tangent spaces
T,(X"™) in [Lak00a] and [BLO0O|] is much simpler for z = wy than for arbitrary x.

We use the standard realization of the root system of D,, as in Section[6} Let w € W.
We have ®¢yy = {7y € @1 | sywp > w}. Applying [Lak00a, Theorem 6.8] or [BLOO,
Theorem 5.3.1], we see that v € @y, if and only if v =¢;+¢€;, with 1 <i < j<n-—1,
and

(1) sywo 2 w, and

(2) Se—enSestenSejten1Wo = W-

(In translating the result from [Lak00a] we have used the fact that wy commutes with
Se;—enSe;i+enSej+en_1s @S can easily be seen by writing the elements of W as signed
permutations (cf. [BGO03].)

Motivated by condition (2), for 1 < a < b < n—1, we define ugp = Sc,—c,, Scqaten Seyten_15
and set wqp = Ugpwp. If w = wgp, then we claim that (1) and (2) are equivalent to the
conditions:

(1) sy £ ugp, and
(2/) U5 < Ugp-
Indeed, condition (1) states that sywp 2 wep = ugpwo, which is equivalent to (1).

Condition (2) states that u;jwy > wep = ugpwo, which is equivalent to (2). This verifies
the claim.

Proposition 11.2. Suppose ® is of type D, for n > 4. Fix a,b satisfying 1 < a <
b<n—1. Let Pian, Peur, and P, be defined as above, corresponding to x = wy and
w = wep. Assume below that i,j denote integers satisfying 1 <i < j <n—1. Then:

(a) ®oth = {ei +€j|i>a,j > b}

(b) Suppose i > a and j > b. Then the roots €; £ €,—1 and €j £ €,—1 are in Pey,.

(¢) Pran € Coney Py,

Proof. We sketch the proof, but omit most details, which involve calculations in the
Bruhat order in type D,,. We adopt the conventions and notation of [BG03]. The Weyl
group of type D,, can be realized as the group of signed permutations of 1,...,n, with
an even number of negative signs. If u € W, write u(i) = u;; then u can be represented
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by the sequence ujus . .. u,. Here u; € {1,1,2,2,...,n,7}, where @ denotes —a. Write
Y = € T+ €j.

The proof uses two key facts about the Bruhat order. The first is the fact that
if w € W and 3 is a positive root with 8 > 0, then u < usg. The second is a
characterization of the Bruhat order in type D,, in terms of the sequences representing
elements of W as signed permutations. This characterization is due to Proctor [Pro82];
the statement may also be found in [BG03, Prop. 2.10].

We first consider (a). We know that v € @y, if and only if conditions (1') and (2')
are satisfied. We claim first that (2') is satisfied < a < i and b < j. The implication
(=) is proved by considering the contrapositive. If either of i > a or j > b is false, then
applying Proctor’s condition to the signed permutations corresponding w;; and g,
we see that u;; £ ug,. The calculation is made easier because the parity condition in
this characterization is not needed, and one can restrict attention to the places where
the expressions for u;; and ug, differ from the identity permutation 12...n (cf. [BG03|
Lemma 3.4]). To prove (<), we suppose ¢ > a and j > b. In this case, we can exhibit
a sequence of positive roots f1,..., 3, such that

Uij < U8B, < -+ < UijSBSBy ** 8B, = Uqgb- (11.2)

This calculation is facilitated by considering elements of W as signed permutations and
using the description of multiplication by reflections in [BG03, (2.1)]. We omit further
details. This proves the claim.

To complete the proof of (a), we need to verify that if v = ¢; + ¢;, with a < ¢ and
b < j, then s, £ ug. This can be verified by writing down the expressions for s, and
Ugqp as signed permutations, and again using Proctor’s characterization of the Bruhat
order. We omit further details. This completes the proof of (a).

We next consider (b). We know a root ¢ is in ®¢y, if and only if scwy > wep = ugpwo,
or equivalently, s¢ < ugq,. Thus, we want to show that if ¢ is one of the four roots listed in
the statement of (b), then s¢ < ugp. Since se¢;—¢, | < S¢;—e,_y AN Sejte, 1 < Se;ten_1
we only need to prove this for ¢ equal to ¢;—¢,_1 or €;+¢€,_1. We prove that s; < ug, in
the same way the statement u;; < u,, was proved in part (a), by exhibiting sequences
analogous to . We omit further details.

Finally, part (c) follows from parts (a) and (b). Indeed, since
€i+ej = (6 —en1)+ (6 +en1) = (6 +en1) + (6 — €n—1),
parts (a) and (b) imply that every root in @, is in Coney Py, O
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